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A 0− 1 matrix is balanced if it has no odd cycle submatrix.

Conjecture 1 ([4]). Let A be a 0 − 1 matrix that is balanced. Then there is a 1 that can be turned into a 0 so

that the new matrix is balanced.

A graph perfect if the chromatic number is equal to the clique number for every vertex induced subgraph.

We saw a very brief sketch of the proof of the Strong Perfect Graph Theorem [3], stating that a graph is perfect

if, and only if, it has no odd hole and no odd antihole. The proof is a major achievement in Mathematics and was

the culmination of decades of progress that led to deep insight, elaborate techniques, and powerful tools. That

said, the proof is quite involved, thereby making it difficult for an interested non-expert to read and follow the

proof.

Question 2. Is there a short proof of the Strong Perfect Graph Theorem?

This theorem equivalently states that given a graph G, at least one of the following holds:

• there is a proper vertex coloring with ω(G) colors, or

• there is an odd hole or an odd antihole.

In fact, there is a polynomial algorithm that finds either the optimal vertex coloring or one of the forbidden

induced subgraphs [7, 2]. However, the algorithm borrows tools from convex geometry and semidefinite pro-

gramming, and is not purely “combinatorial”.

Question 3. Is there a combinatorial algorithm that given a simple graph G runs in time polynomial in |V (G)|
and outputs one of the following?

• a proper vertex coloring with ω(G) colors, or

• an odd hole or an odd antihole.

Let D = (V,A) be a digraph. A dijoin is an arc subset whose contraction results in a strongly connected

digraph. A dicut is cut whose arcs are either all incoming or all outgoing. We saw that the minimum cardinality

of a dicut is equal to the maximum value of a fractional packing of dijoins.

Conjecture 4 ([9]). The clutter of dijoins of a digraph packs. That is, given a digraph, the minimum cardinality

of a dicut is equal to the maximum number of pairwise arc-disjoint dijoins.
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Let G = (V,E) be a graph, and let T be a nonempty vertex subset of even cardinality. A T -join is an edge

subset whose odd-degree vertices are precisely T , and a T -cut is a cut δ(U) such that |U ∩ T | is odd. We saw

that the minimum cardinality of a T -cut is equal to the maximum value of a fractional packing of T -joins.

Conjecture 5 ([8]). Let G = (V,E) be a graph, and let T be a nonempty vertex subset of even cardinality.

Then the minimum cardinality of a T -cut is equal to the maximum value of a fractional packing of T -joins that

is 1
4 -integral.

A clutter is ideal if the associated set covering polyhedron is integral. We saw that testing idealness of a

clutter is a co-NP-complete problem [6]. Recall that a clutter is ideal if, and only if, its blocker is ideal. So what

if we were given both the clutter and its blocker as part of the input?

Conjecture 6 ([1]). There is an algorithm that given clutters C,B over ground set V outputs one of the following

in time polynomial in |V |, |C|, |B|:

(i) C,B are not blockers,

(ii) at least one of C,B is not ideal,

(iii) C,B are blocking ideal clutters.

A clutter has the packing property if every minor of it, including the clutter itself, packs. We saw that if a

clutter has the packing property, then it is ideal.

Conjecture 7 ([5]). If a clutter has the packing property, then it is Mengerian.

Here, a clutter is Mengerian if the corresponding set covering system is totally dual integral. Recall that if a

clutter is Mengerian, then it is ideal.
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