CO 750-1 Assignment 4

Due Tuesday, July 18, in class

The assignment will be out of 35 points. If you get more than 35 points, the extra points will be
added to your previous assignments with half the weight. You may use the results in a problem

for proving another problem, even if you didn’t solve the first problem.

1. (6 points) Let C be a minimally non-ideal clutter.
(a) Assume that the minimum cardinality of a member is two. Describe all the minimum
cardinality members.

(b) Assume that 7(C) = 2. Describe all the minimum cardinality members (not covers).

2. (5 points) What are all the minimally non-ideal clutters of dimension at most 67 (Do
not forget the deltas!)

3. (4 points) Take an odd integer n > 5 and let C be a clutter over ground set [n] whose

minimum cardinality members are

(1,2),{2,3},{3,4}, ..., {n — 1,n}, {n,1}.

We will refer to C, and any clutter isomorphic to it, as an extended odd hole. Prove that

an extended odd is non-ideal.

4. (5 points) Let C be a clutter whose incidence matrix M (C) has complementary columns

(i.e. a pair of columns that add up to 1). Prove that C cannot be minimally non-ideal.

(Hint. Q1(b).)

5. (10 points) Let C be a clutter over ground set F, and take a set T C E. Let C’ be the
clutter of the minimal sets of CU{T'}. Assume that C is ideal and C’ is minimally non-ideal.

Prove that C’ is either a delta or an extended odd hole.

6. (5 points) Let (G,X) be a signed graph. A blocking verter is a vertex that is used in
every odd circuit. A blocking pairis a pair of vertices u, v such that every odd circuits uses

at least one of u,v.

(a) Prove that if u is a blocking vertex, then there exists a signature I" such that I' C §(u).
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(b) Prove that if u,v is a blocking pair, then there exists a signature I' such that I" C
d(u) Ud(v).

(5 points) Prove that if (G,X) has a blocking vertex, then its clutter of odd circuits
packs. (Hint. Menger’s theorem.)

(5 points) Prove that if (G, Y) has a blocking pair, then it is weakly bipartite.

(5 points) Prove that if G is planar, then (G, X) is weakly bipartite. (You may not use
the fact that a signed graph without an odd-K5 minor is weakly bipartite.)

(10 points) Consider the linear binary system
Az =b (mod 2)

for a 0,1 matrix A and a 0,1 vector b. Prove that if this system has no 0, 1 solution, then

there exists a 0,1 vector ¢ such that

¢c"A=0 and ¢'b=1 (mod?2).

(15 points) Let A be a 0,1 matrix whose columns are labeled by E. We will refer to the

vectors of
{z€{0,1}F: Az =0 (mod 2)}

as cycles. Every vector in the row space of A modulo 2 is called a cocycle, that is, the

cocycles are the vectors of
{ATy modulo 2 : y € {0, 1}m} ,
where m is number of rows of A.
(a) Prove that the cycles form a vector space over GF'(2).

(b) Prove that the cocycles form a vector space over GF'(2).

(c) A subset of E is called a cycle if its incidence vector is a cycle, and it is called a

cocycle if its incidence vector is a cocycle. Take an element e € E. Prove that
C := the minimal sets of {C' — {e} : C' C E is a cycle such that e € C'}
and
B := the minimal sets of {B — {e} : B C E is a cocycle such that e € B}

are blockers. (Hint. Q10.)

(d) Use (c) to prove that the clutter of minimal T-joins and the clutter of minimal 7T-cuts
are blockers.

(e) Use (c) to prove that in a signed graph, the clutter of odd circuits and the clutter of

minimal signatures are blockers.



