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5.3 Star cutsets and antitwins, continued

Let G = (V, E) be a simple graph. Distinct vertices u, v are antitwins if every other vertex is adjacent to
precisely one of u, v. Notice that if u, v are antitwins in G, then they are also antitwins in G. The proof of the

following lemma highlights the special role odd holes and odd antiholes have as minimally imperfect graphs.
Lemma 5.14 (Oraliu 1988). A minimally imperfect graph does not have antitwins.

Proof. Let G = (V, E) be a minimally imperfect graph, and let w := w(G). Suppose for a contradiction that G
has antitwins u,v. Let A C V — {u, v} be the neighbors of u other than possibly v, and let B C V — {u, v} be

the neighbors of v other than possibly u. Since u, v are antitwins, it follows that A, B partition V' — {u, v}.

Claim 1. B contains a clique of cardinality w — 1 that does not extend to a clique of cardinality w in AU B.

Proof of Claim. Let f : V — {v} — [w] be an w-vertex-coloring of G\ v, and let S := {w € V — {v} : f(w) =
f(u)}. Notice that u € S C {u} U B. Recall that G \ S has a clique K of cardinality w. As the vertices of
G\ v\ S are (w — 1)-vertex-colored, it follows that

e v € K, implying in turn that K — {v} C B,
e K — {v} does not extend to a clique of cardinality w in AU B.
K — {v} is the desired clique. O

Let o := a(G). By Corollary 5.9, G is also minimally imperfect. Thus, since u,v are also antitwins in G,

Claim 1 applied to G implies that,

Claim 2. A contains a stable set of cardinality o — 1 that does not extend to a stable set of cardinality o in

AUB.

Let C' C B be the clique from Claim 1, and let S C A be the stable set from Claim 2. Among all the vertices
in C, pick one = with the least number of neighbors in S. Since S does not extend to a stable set in A U B, it
follows that x has a neighbor y € S. Since C' does not extend to a clique in AU B, y has a non-neighbor z € C.

As z has at least as many neighbors in .S as = does, there is a vertex ¢ € S that is a neighbor of z but is not a



neighbor of x. Observe now that {u,y, z, z,t} induces an odd hole (and an odd antihole), which is imperfect,

thereby contradicting the minimality of G. O

Let G = (V, E) be a simple graph. Take disjoint non-empty subsets A, B C V such that |A| + |B| > 3 and
|V — (AU B)| > 2. The pair (A, B) is homogeneous if for eachv € V — (AU B),

e if v is adjacent to a vertex of A, then it is adjacent to all of A, and
e if v is adjacent to a vertex of B, then it is adjacent to all of B.

Note that if (A4, B) is homogeneous for G, then it is homogeneous for G. Observe that if |V (G)| > 5 and u, v
are antitwins both of which have a neighbor in V(G) — {u, v}, then (N (u) —{u}, N(v) — {v}) is homogeneous,
where N (u), N(v) denote the neighbors of u, v, respectively. The following theorem generalizes the Antitwin
Lemma 5.14:

Theorem 5.15 (Chvatal and Sbihi 1987). A minimally imperfect graph does not have a homogeneous pair.

Let G = (V, E) be a simple graph. A 2-join is a partition of V into parts V7, V5 and non-empty disjoint
subsets A;, By C V; and As, Bs C V5 such that

e |Vi| > 3and |V3] >3,

e all the vertices in A; are adjacent to all the vertices in A, and all the vertices in B are adjacent to all the

vertices in Bs,
e there are no other adjacencies between V; and V5.
Notice that an odd circuit of length at least 7 has a 2-join.

Theorem 5.16 (Cornuéjols and Cunningham 1985). Let G be a minimally imperfect graph. If G has a 2-join,
then it is an odd hole, and if G has a 2-join, then G is an odd antihole.

5.4 The strong perfect graph theorem

Let G = (V, E) be a simple graph. We say that G is Berge if it has no odd hole and no odd antihole. Clearly, the
complement of a Berge graph, as well as its induced subgraphs, are also Berge. By Remark 5.10, a perfect graph
is always Berge. Conversely, the strong perfect graph theorem proves that a Berge graph is always perfect. The
main idea behind the proof is that Berge graphs are a very small (yet rich) class of graphs, and a lot more than
just perfection can be said about them. It is shown that apart from a few basic classes of graphs that happen to be
perfect, Berge graphs enjoy properties that we saw in the preceding section do not hold for minimally imperfect
graphs.

As for the basic classes of Berge graphs, we need a definition. We say that a simple graph G is a double split
graph if V(G) can be partitioned into four parts {a1, ..., am}, {b1,...,bm},{c1,...,cn} and {ds,...,d,} for

some m,n > 2 such that



e foreach i € [m], a; and b; are adjacent, and for each j € [n], ¢; and d; are not adjacent,

e for 1 <14 < ¢’ < m, there are no edges between {a;,b;}, {a;, by}, and for 1 < j < j* < n, the four

edges betwen {c;,d;}, {c;/,d; } are present,

e fori € [m]and j € [n], there are precisely two edges between {a;, b; }, {c;, d; }, and these two edges have

no vertex in common.
Notice that if a graph is a double split graph, then so is its complement. We leave the following as an exercise:
Proposition 5.17. Double split graphs are perfect.
Let us say that a simple graph G is basic if either
e G or G is bipartite,
e G or G is the line graph of a bipartite graph, or
e (5 is a double split graph.

Clearly, if a graph is basic, then so is its complement. Notice that by Corollary 5.5 and Proposition 5.17, basic
graphs are perfect, and so they are Berge. The following theorem is the main piece to proving that Berge graphs

are perfect:

Theorem 5.18 (Chudnovsky, Robertson, Seymour, Thomas 2006). Let G be a Berge graph that is not basic.

Then either G has a balanced skew partition, or G has a homogeneous pair, or one of G, G has a 2-join.
Combining this result with the results from the previous section, we get the strong perfect graph theorem:
Theorem 5.19. A graph is perfect if, and only if, it has no odd hole and no odd antihole.

Proof. Let G be a simple graph. (=) If G is perfect, then by Remark 5.10, G has no odd hole and no odd
antihole. (<) Suppose conversely that G has no odd hole and no odd antihole, that is, G is Berge. Suppose
for a contradiction that G is not perfect. We may assume that GG is minimally imperfect. Since G is imperfect,
it follows that G is not basic. Thus, by Theorem 5.18, either G has a balanced skew partition, or G has a
homogeneous pair, or one of G, G has a 2-join. It follows from Theorems 5.13 and 5.15 that one of G, G has a
2-join. But then Theorem 5.16 implies that G is either an odd hole or an odd antihole, a contradiction as G is

Berge. Thus G is perfect. O
As a consequence,
Corollary 5.20. Every simple graph G satisfies at least one of the following statements:

e X(GQ) =w(G), or

e (G has an odd hole or an odd antihole.



