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The incidence matrix of an orientation

o Let G = (V,E) be a connected graph with n vertices and m edges.

e Denote by G = (V, E) an arbitrary orientation of G.

Recall

— — —
The incidence matrix of G is the V' x E matrix B where column (v, u) € E is equal to e, — e,.

Recall
The Laplacian matrix of G is BB'.
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Cycle and cut spaces

Cycle space

W°:{f€RE:Bf:0}

Cut space

W*:{BT’}TZﬂ'GRV}

Remark

Q@ W* = (W°)"* and W° = (W*)*+
Q@ RF =W W+,
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Cycle and cut spaces T SPonning +ree

Theorem G comected
dim(W®)=m—n+1and dim(W*) =n— 1.

Consequence for the cycle space
QO {x(C):e€ E\ T} is a basis for W°.
Q@ W< =span{x(C) : C is a directed cycle of 8}

Consequence for the cut space
O {Xx(07(Se)) : e € T} is a basis for W*.
Q@ W* =span{x(6"(S)):SCV,S#0,V}.
@ W* =span{x(6t(r)):re V}.
Q {x(67(r)):re V\ t}isa basis for W*, for any t € V.

v
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V,grad, and V grad
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The linear operator V
Let f € RE. Think of f as a flow on G where f(u,v) is the amount of flow going from v to v.

Net flow
For each v € V, define \:/

V‘gv = (Vf)v = Z f(u,v)_ Z f(v,w)' 7/ \

(U,V)EE (v,w)EE

V :RE - RV is a linear operator represented by the matrix B. That is, for each f € RE, the
image V£ is the matrix product Bf.

Definition

A circulation of ?; is a flow f € RE s.t. Vf =0.

Remark

.
W?® is precisely the set of all circulations of G.

v
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The linear operator grad

Definition (gradient) v
Let grad : RY — RE be the operator defined as follows: for each 7 € RY, /
Ty =Ty

(grad 7T)(u,v) =Ty — Ty n ©

grad is a linear operator represented by the matrix BT. That is, for each 7 € RY, the image
grad 7 is the matrix product B 7.

Range of grad
*
range(grad) = {BTr: 7€ RY} = W J
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The Laplacian as a differential operator

Summary
© V is represented by B.
@ grad is represented by B.

Lemma
V and grad are adjoint operators: (Vf,7) = (f,grad ).

Lemma

Vgrad : RY — RY is a linear operator represented by the Laplacian matrix L of G.

L = QBT
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Electrical flows
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Energy

Let b € RY be a demand vector such that b = Vf for some flow f € RE.
Energy

The energy of f is || f||2 = ZeeE fe.

Goal

Find a flow of minimum energy satisfying the demands b. That is, solve the quadratic program:

min {||f’\|2 L VF =b,f e ]RE}

Pnswer ¢ The Eww  huens ot ko be vaepe !
letfs Gnd 1t
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Orthogonal projection onto cut space

Definition

Denote by P, : RE — RFE the linear operator that projects orthogonally onto W*.

Ahmad Abdi
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Orthogonal projection onto cut space

Definition

Denote by P, : RE — RFE the linear operator that projects orthogonally onto W*.

Lemma
If V' = Vf, then P, f' = P, f.
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Orthogonal projection onto cut space

Definition

Denote by P, : RE — RFE the linear operator that projects orthogonally onto W*.

Lemma
If V' = Vf, then P, f' = P, f.

Proof.
o V(f' —f)=Vf —Vf=0,s0f —feWe
o Thus, f', f have the same orthogonal projection onto (W®)+ = W*.
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Flow of minimum energy

Let b € RY be a demand vector such that b = Vf for some flow f € RE.
Theorem

Let ¢ := P,f. Then ¢ is the unique optimal solution to

min {||f’||2 L Vf = b, f e RE}

s

——
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Flow of minimum energy

Let b € RY be a demand vector such that b = Vf for some flow f € RE.
Theorem

Let ¢ := P,f. Then ¢ is the unique optimal solution to

min {||£')* : V' = b, £ € RE}

W
Proof.

o Let f’ be an arbitrary feasible solution. 3
o We know P, f' = .

o Let g € RE be the orthogonal projection of f’ onto W?. / o ]
@ Then i

£/= 5—\- ‘L
We = gn 4 N2l
Ahmad Abdi
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Flow of minimum energy

Claim | J

Vi = b. That is, ¢ is also a feasible solution to the quadratic program.

Ti . V(E_g) - VB _Vg =VE =b

(a]

Ahmad Abdi MAA431 Lecture 6



Flow of minimum energy

Claim 1

Vi = b. That is, ¢ is also a feasible solution to the quadratic program. J
g is a circulation so Vg =0, so Vi = Vf - Vg =b.

Claim 2

[1£']12 > ||¢[|? with equality iff ' = .. J

Eullows Lo UEZU = (lgl™s (70>,
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Electrical flow

Definition

¢ is called the electrical flow satisfying the demands b. J

=
Think of G as an electrical network, the vertices as nodes, and the arcs as resistors of unit
resistance, and therefore unit conductance, connecting the end nodes.
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Electrical flow

Definition
¢ is called the electrical flow satisfying the demands b. J

=
Think of G as an electrical network, the vertices as nodes, and the arcs as resistors of unit
resistance, and therefore unit conductance, connecting the end nodes.

Lemma

(e, ) = [lel|?.

Proof. ‘ o
Recall £ = 149 b somz g€ W . Tlhe, i

(t,f)= < l:, \.-(-9'7 = <.'L‘Il.7+§fﬂ;.l/9®> =<L4l7

'S
w¥ w

O

v
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Electrical potentials

We know ¢ € W* = range(grad). Thus, ¢ = grad 7 for some 7 € RY.
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Electrical potentials
We know ¢ € W* = range(grad). Thus, ¢ = grad 7 for some 7 € RY.
Definition

my, v € V are called the electrical potentials.

Kirchhoff's second law (potential difference)

Yuw) = T — Ty for all (u,v) € E.
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Electrical potentials
We know ¢ € W* = range(grad). Thus, ¢ = grad 7 for some 7 € RY.
Definition

my, v € V are called the electrical potentials.

Kirchhoff's second law (potential difference)

Uuw) = Tv — Ty for all (u,v) € E.

Remark

The electrical potentials are unique up to shifting by a constant.

J
-

E
grod . R = R
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Matrix of projection onto W*
Recall

— —
P, : RE — RE is the linear operator that projects orthogonally onto W*.

Let M be the E x E matrix where column e is precisely P, x°©.

Remark

I represents the linear operator P, in the basis {x®: e € E}.
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Matrix of projection onto W*

Recall

— —
P, : RE — RE is the linear operator that projects orthogonally onto W*.

Let M be the E x E matrix where column e is precisely P, x°©.

Remark

M represents the linear operator P, in the basis {x®: e € E}.

Remark {
prthogoas

Mis a‘prOJectlon matrix, so M2 = I and I'IT =T
AS | —

selt o djok

<MYy =< ’TTX,E\
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Computing ¢ and Tl
Question J

Given b = Vf, how do we compute ¢7?

© We know 1o =T, -1y for each e = (u, v) € E. Thatis, o = gro.itr )
@ So how do we compute 1T ?
@ We know
b:VL:Vgﬂ\&'ﬂ' LT
@ We can get one solution 7 by solving +
= L b Lt plevdainvere oF L

"

@ Putting it altogether we get

+ +
TTg‘-_—L: gI‘Ai"ﬂ =9mJLb=@m—rAl;v¢
O Then = B L G
N=B"LTB



Effective resistance between two nodes

Take distinct vertices s,t € V. Send an electrical unit flow ¢/ from s to t, with electrical
potentials 7/, v € V.

Definition

The potential difference m; — 7. is the effective resistance between s and t.

Ahmad Abdi
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Effective resistance of an edge
Take an edge e = (s, t) € E.
Definition

The effective resistance of edge e is the effective resistance between s and t.
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Effective resistance of an edge < ¢

R S o— e
Take an edge e = (s, t) € E.
Definition

The effective resistance of edge e is the effective resistance between s and t.

Theorem (Characterization of Effective Resistance)

Let ./ be the electrical unit flow from s to t. Let 7, v € V be the electrical potentials. Then
(1] 7'('2 — 71'; = L/e b\_o K(rcc'nc‘l"-"y 2~2 (aw
@ the effective resistance of e is (/,
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Effective resistance of an edge
Take an edge e = (s, t) € E.
Definition

The effective resistance of edge e is the effective resistance between s and t.

Theorem (Characterization of Effective Resistance)

Let ./ be the electrical unit flow from s to t. Let 7, v € V be the electrical potentials. Then
Q i —7mL=1,
@ the effective resistance of e is (/,

© the effective resistance of e is I, ¢

0 .=
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Proof of Theorem %e
e
@ Tre y’) = (?‘ﬁ x )e € €
’ <
o/'_'_‘ —~>0

Wote Hus W 15 o Elow

of Uit valne Ers S %o ‘Q'\'
') \/ﬁo\_/ °
¥

= te anothe Elow sads p\g\‘—\j
1./6 e Cene dQMMJ,,
o2 e e
@ U217 = <l = <1 X7

L
- e
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Effective resistance and connectivity

Lemma

o
@ The effective resistance of e € E is at most 1.

© The effective resistance of e € E is 1 if and only if G\ e is not connected.

Proof.

Exercise.

SR —
P

p—

anN'.Hon ¢ T\ \’\l'glq_(- ‘{-Le eﬂefcl-.'ytq (\enljfc,r\&, +(/g \\Mo\pe )IM?OA‘—
ot Fle dee .
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Effective resistance and connectivity

Lemma

o
@ The effective resistance of e € E is at most 1.

© The effective resistance of e € E is 1 if and only if G\ e is not connected.

Proof.

Exercise. OJ

Rayleigh monotonicity principle

Let G' = (V, E’) with E’ D E. Then for any two vertices u, v € V, the effective resistance
between u and v in G’ is smaller than or equal to the effective resistance between v and v in G.

v

Proof.

Exercise. ]

v
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S e&rge,r
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Kirchhoff's effective resistance theorem
Take an edge e = (s, t) € E.

Recall

T(G) is the number of spanning trees of G.

Theorem

T(G/e)
T(G) -

The effective resistance of e is

TCG/e) = = S(pmmming, Avees -f G thet onfaris €

TCG/e)
T(6)

= tle Qe per o of Speming  Aroees alaok
b-tel e
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Kirchhoff's effective resistance theorem
Take an edge e = (s, t) € E.

Recall

T(G) is the number of spanning trees of G.

Theorem
The effective resistance of e is T7(.(Gé;")
O—
Relabel V = {1,...,n} and e = (n,n —1). N p— —~29 l
. ¥4 L
" n-)
Recall

Let ¢/ be the electrical unit flow from nto n— 1. Let 7, v € V be the electrical potentials.
Then the effective resistance of e is 7], _; — 7.
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Proof of Kirchhoff's effective resistance theorem

@ Let us apply Cramer's rule to solve
L7’ =e,_1 — e,

e~
AemanJ vectsr
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Proof of Kirchhoff's effective resistance theorem

@ Let us apply Cramer's rule to solve
L7’ =e,_1 — e,

@ The rows of L add up to 0, so we may drop the last row of L7/ = ¢, 1 — e,.

Toce T = 0.
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Proof of Kirchhoff's effective resistance theorem
@ Let us apply Cramer's rule to solve

/
L7 = e,_1 — ep

@ The rows of L add up to 0, so we may drop the last row of L7/ = e, 1 — e,
@ To ensure that 7’ is unique, we enforce in addition

=0
— )
s .
! : Lnl | :
LE“D TT,_: A ~7 T( = o
\ \
l PO \ | —l .‘D 14 o~ o Ao 0 O “ o
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Proof of Kirchhoff's effective resistance theorem

@ Let us apply Cramer's rule to solve

/
L7 = e,_1 — ep

The rows of L add up to 0, so we may drop the last row of L7/ = ¢, 1 — e,.

@ To ensure that 7’ is unique, we enforce in addition
m, =0
@ As a result, 7’ is obtained by solving Goo Ha Melviy Tnat
LCn7 \j = € a-\ ~ Tvm 4 ,",,. ?(oce

e By Cramer's rule,

Jot (L LCAILn-1T) / T(G/e)
/ ¢ - / = Yno1= — — =
™ T, Tay ! der(LCnD) TCGE)
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The diagonal entries of T1

Kirchhoff's effective resistance theorem

The effective resistance of e is TT(G@/ET)

Recall
The effective resistance of e is M e.

Corollary
HE
Mo = LEL).
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A strengthening of Kirchhoff's effective resistance theorem

o Take two vertices s, t € V.

@ For each spanning tree T C E let fT € RE be the flow that sends 1 unit of flow from s
to t along the unique st-path in T.
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A strengthening of Kirchhoff's effective resistance theorem

o Take two vertices s, t € V.

@ For each spanning tree T C E let fT € RE be the flow that sends 1 unit of flow from s
to t along the unique st-path in T.

o Let
> f7
T(G) TeT
where T is the set of all spanning trees.
Theorem
g is the electrical unit flow from s to t. J

Ths ;M?\\‘-QS K"TCC"“FP'I epﬂec W e m.()‘cz\cq MYoro
( sex €=(5k) & \ook atr ‘5e)‘
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Proof

Claim 1
Vg = €t — €s. J
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Proof

Claim 1
Vg =e¢e — 6. J
T _ IR
Vg T(G Z 4 T(G) T(G) (et es) €t — €
TeT
Claim 2
g e W* = (W)l J
= >

Lt C S E be o dicecle d cycle (a & .
. bl %o chon g (€] = ¢

. Tha s Javeriack undes He origalelss QQ G, (o WMA
-\-h._i C s o dfreclvd Cic‘(g in G
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Proof
Thus,

gTX(C) = Zga

aeC
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Proof
Thus,

gTX(C) = Zga
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Proof
Thus,
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Proof

Thus,
g'x(0)=) &
acC
_ 1 T
o T(G) Z 2 a
acC TeT

.
where F C E is any spanning forest with two connected components.
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Proof

T o £t
fa = )41 € €4S 3 o Qoer Lren S o NS
| It WS & § V\S
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Proof

Fix F. Let S,V '\ S be the two connected components where s € S.

o Case 1: t € S. Then, if T € T and a satisfies T\ a= F, then £,] =0, so

Z(faT;aec,TeT,T\a:F)zo
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Proof

Fix F. Let S, V' \ S be the two connected components where s € S.

@ Case2: t € V\'S. Then

Z(faT:aeC,TeT,T\a:F>
= Z(l :a € C,tail(a) € S,head(a) € V'\ S)
—1-2(—1 ra€ C,tail(a) € V\ S,head(a) € S)

- (cast(s)| - 1cos(s)]

=0 b/e C 1/ & direche & <'_:,C(¢Q'\~
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Proof
Thus,

>
:TLG)EF:%@T:‘?E C,TG’T,T\a:F?

=0 o
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Proof

g is the electrical unit flow from s to t.

Theorem J

Proof.

Claim 1
Vg =¢e — 6.

Claim 2
gec W= (we)T.

Thus, g must be the electrical unit flow from s to t.
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The columns of I
Take e = (s, t) € E.

Recall

P, x€ is the electrical unit flow from s to t.

Recall

P, x€ is column e of M.
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The columns of T
Take e = (s, t) € E.

Recall
P, x€ is the electrical unit flow from s to t.

Recall
Py x¢ is column e of M.

We just showed

_T(lG) YoTeT fT is the electrical unit flow from s to t.

Corollary

Column e of I is equal to ﬁ S rerfl.
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Uniform sampling of spanning trees

Recall

T(G
.- g
Remark
T(G/e)

6 is the fraction of spanning trees of G that use the edge e.
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Uniform sampling of spanning trees

Recall
T(G/e
rle,e = -I(—(G/)). )
Remark
T(G/e)

T is the fraction of spanning trees of G that use the edge e.

Kirchhoff's effective resistance theorem (rephrased)

If T is a uniformly random spanning tree, then Prle € T] = I,..
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The Transfer-Current Theorem

The Transfer-Current Theorem
If T is a uniformly random spanning tree, then for any F C E,

Pr[F C T] = det(1F)

where Mg denotes the principal submatrix of 'l indexed by F.
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