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Outline

@ The Transfer-Current Theorem
@ Weights as conductances, deletion, and contraction

© Rayleigh monotonicity principle (weighted extension)
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Electrical flow

Let b € RY be a demand vector such that b = Vf for some flow f € RE.
Theorem

Let ¢ := P,f. Then ¢ is the unique optimal solution to

min {||f’||2 L Vf = b, f e RE}.
S ’

Recall

¢ is called the electrical flow satisfying demands b.
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Electrical flow
Let b € RY be a demand vector such that b = Vf for some flow f € RE.
Theorem

Let ¢ := P,f. Then ¢ is the unique optimal solution to

min {||f’||2 L Vf = b, f e RE}.

Recall
¢ is called the electrical flow satisfying demands b.

Remark

¢ is the unique flow in W* satisfying the demands b.
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Matrix of projection onto W*

Recall

— —
P, : RE — RE is the linear operator that projects orthogonally onto W*.

Let M be the E x E matrix where column e is precisely P, x°©.

Remark

M represents the linear operator P, in the basis {x®: e € E}.

Remark

M is an orthogonal projection matrix, so M? =M and N7 = 1.
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Matrix of projection onto W*

Recall

— —
P, : RE — RE is the linear operator that projects orthogonally onto W*.

Let M be the E x E matrix where column e is precisely P, x°©.

Remark

M represents the linear operator P, in the basis {x®: e € E}.

Remark

M is an orthogonal projection matrix, so M? =M and N7 = 1.

Kirchhoff's effective resistance theorem (rephrased)

If T is a uniformly random spanning tree, then Pr[e € T] = ..

V.
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The Transfer-Current Theorem

The Transfer-Current Theorem

If T is a uniformly random spanning tree, then for any F C E,
Pr[F C T] = det(Mg)

where Mg denotes the principal submatrix of 'l indexed by F.

Proof by induction on |F|.

@ Base case: |F|=1.

“This (o ldr Ly kicllbofFs eRlec bve rensbance Ll .
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The Transfer-Current Theorem

The Transfer-Current Theorem

If T is a uniformly random spanning tree, then for any F C E,
Pr[F C T] = det(Mg)

where Mg denotes the principal submatrix of 'l indexed by F.

Induction step: |F| > 2.
[ Then PALESTT=0 clearly,

o Case 1: F contains a cycle,
—

The. XCC) B o cicemlabsn of G

ehore Suppor t s W F.
We heve TV xXcc) = © . Thvys, +le Clvmns oF TT
cc‘/\trl‘)aoql-'ns > F ace La A-e() Thus, det (] =0
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The Transfer-Current Theorem

The Transfer-Current Theorem

If T is a uniformly random spanning tree, then for any F C E,

Pr[F C T] = det(TF)

where Mg denotes the principal submatrix of 'l indexed by F.

Induction step: |F| > 2.
o Case 2: Fis a forest. Let e = (s,t) € F and F = F \ e. Then

_ T(G/F) T(G/F/e) T(G/E)  5€ det (TTE)
PrlF C T]= TG T(G/IA—') . TG - 1, e F

whenr Q ¢ s £l efec. oncd Hle 0L, ces. T__.TTA')
Llow &om s 4o € in G/GQ of € in et (Uig

G/-E:‘ by TH



The Transfer-Current Theorem

.
For each a = (u,v) € E, denote by i? the unit electrical flow in G from u to v.

Lemma J

1€ =10 =) cp @ai® for some multipliers a; € R.

— A ~ ~ —
Note. 7¢ € RE\F. For the above equality to make sense, we extend 7€ to a vector /¢ € RE by
appending Os to it.
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The Transfer-Current Theorem

.
For each a = (u,v) € E, denote by i? the unit electrical flow in G from u to v.

Lemma J

1€ =10 =) cp @ai® for some multipliers a; € R.

— A ~ ~ —
Note. 7¢ € RE\F. For the above equality to make sense, we extend 7€ to a vector /¢ € RE by
appending Os to it.

~ ~
e F e F
elem 5
Col. g
ﬂPf / :
—r‘_ = ~> —r‘— = oc
1
H
:
(A e
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(&rluz ergernor aloneg Gt alvana

The Transfer-Current Theorem
Vd

A ’ 1€ dot (TT2)
det (TYF)@ cle(-(frp]@le A&F(Tr?] TO ) o 7

SJ /
elem. ble 'TT'E = Tr;.
l. ops »
Apn"‘ ches '3 N
’ _ PegEcT]

This Gmqlehes He IS,
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Proof of Lemma

.
For each a = (u,v) € E, denote by i? the unit electrical flow in G from u to v.

Lemma

1€ =10 =) cp @ai® for some multipliers a; € R.

Proof of Lemma.

@ The cuts in G/IA-_ are precisely the cuts in G that do not contain any edge in F.

- e

e TN

G/F
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Proof of Lemma

.
For each a = (u,v) € E, denote by i? the unit electrical flow in G from u to v.

Lemma

1€ =10 =) cp @ai® for some multipliers a; € R. J

Proof of Lemma.

@ The cuts in G/IA-_ are precisely the cuts in G that do not contain any edge in F.
e Thus the cut space W* of G/F is W* N {x : x, = 0 Va € F} after dropping x,,a € F.
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Proof of Lemma

.
For each a = (u,v) € E, denote by i? the unit electrical flow in G from u to v.

Lemma

1€ =10 =) cp @ai® for some multipliers a; € R.

Proof of Lemma.
e i€ is the unit flow from s to t in G/F that belongs to W*.
e /¢ is obtained from 7¢ by extending x, = 0 Va € F.

| o
N\ o

- N2

(]

-\ e

o

G/F
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Proof of Lemma

.
For each a = (u,v) € E, denote by i? the unit electrical flow in G from u to v.

Lemma

1€ =10 =) cp @ai® for some multipliers a; € R. J

Proof of Lemma.
o In summary, ¢ is the flow f € W* N {x:x, =0 VYa € F} in G such that

(P) >_,ek Vi, = 0 for each connected component K of (V, F) not containing s
ort, >,k VI, = —1 for the connected component K containing s, and
> vek Vi, =1 for the connected component K containing t.
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Proof of Lemma
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Proof of Lemma

@ We now exhibit a way to get from i€ and i?,a € F to i°.
@ i€ is the unit flow from s to t in G that belongs to W*.

o If ¢ =0 Vae F, then we are done.
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Proof of Lemma

@ We now exhibit a way to get from i€ and i?,a € F to i°.
@ i€ is the unit flow from s to t in G that belongs to W*.
o If ¢ =0 Vae F, then we are done.

@ Otherwise, we cancel out those flow values by considering

f::ie—Zaai"eW*ﬂ{x:vaOVaelA-'}
acF
. . 7 E ‘te.
fora, €Ry , aeF - (Why con i be done? Exerite.)
@ Then o
Vi= gi%_ T d, V¢
- (ep-e) = Z da Sy € e
o This sakleor (P). aer



The Transfer-Current Theorem

The Transfer-Current Theorem

If T is a uniformly random spanning tree, then for any F C E,
Pr[F C T] = det(Mg)

where Mg denotes the principal submatrix of 'l indexed by F.
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Weighted extension

o Let G = (v, E) be an electrical network.

N
@ Suppose each arc a € E has conductance w, > 0 and so resistance w% >0 (% = 00).
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Weighted extension

o Let G = (v, E) be an electrical network.

N
@ Suppose each arc a € E has conductance w, > 0 and so resistance w% >0 (% = 00).

Intuition

By increasing the conductance of an arc, and thus decreasing its resistance, a flow now requires
less energy to traverse through the arc.

In particular,
@ Deleting e "corresponds to" setting W, = O

o Contracting e "corresponds to" setting w, = ob
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Weighted extension

o Let G = (v, E) be an electrical network.

N
@ Suppose each arc a € E has conductance w, > 0 and so resistance w% >0 (% = 00).

Intuition

By increasing the conductance of an arc, and thus decreasing its resistance, a flow now requires
less energy to traverse through the arc.

In particular,
@ Deleting e "corresponds to" setting

@ Contracting e "corresponds to" setting

Energy
Given a flow f € RE, its energy in (Z’, w) is )__ ;,l“ 'ﬁe =1 <5 @)w

- e
A=

<TcC
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Cycle and cut spaces (weighted extension)

Inner product
(f,8)w = ZeEE Wlefege J
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Cycle and cut spaces (weighted extension)

Inner product

<f>g>w = ZeeE Wlefege

Cycle space € fame o3 befie)

The cycle space of (8, w) is W :={f : Vf =0}.

Cut space ¢ JcEPerent)
The cut space of (E, w)is {g: (f,g)w =0VFf e W°}.
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Cycle and cut spaces (weighted extension)

Inner product

<f>g>w = ZeeE Wlefege

Cycle space
The cycle space of (8, w) is W :={f : Vf =0}.

Cut space
The cut space of (é, w)is {g: (f,g)w =0 Vf € W°}.

Remark
W*® and the cut space are orthogonal complements with respect to the inner product (-, -),,.
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Flow of minimum energy (weighted extension)

Let b € RY be a demands vector for which there is a flow f such that b = V.
Flow of minimum energy

Ew(b) := min {(g,g)w :Vg=b,gc RE}
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Flow of minimum energy (weighted extension)

Let b € RY be a demands vector for which there is a flow f such that b = Vf.

Flow of minimum energy

Ew(b) := min {(g,g)w :Vg=b,gc RE}

Theorem

There is a _unique flow of minimum energy, namely, the orthogonal projection of f onto the cut
space of (G w) with respect to the inner product (-, ).

Proof.

Exercise.
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Rayleigh monotonicity principle (weighted extension)

Let b € RY be a demands vector for which there is a flow f such that b = Vf.

Flow of minimum energy

Ew(b) := min {(g,g)w :Vg=b,ge€ RE}

Theorem

Consider w,w’ € RE such that w > w'. Then &,(b) < E,/(b).

Proof.

Easy exercise.
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Rayleigh monotonicity principle (weighted extension)

Let b € RY be a demands vector for which there is a flow f such that b = Vf.

Flow of minimum energy

Ew(b) := min {(g,g)w :Vg=b,ge ]RE}

Theorem

Consider w, w' € ]Rf_ such that w > w’. Then &, (b) < &,/(b).

Proof.

Easy exercise.

In particular,

@ edge deletion increases effective resistance between two nodes,

@ edge contraction decreases effective resistance between two nodes.
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